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Definition of a granular medium

 Particle containing volume having a large particle
volumetric fraction, 1.e. V /(V¢+V )=0(1)

* Consequences of the definition
— A distribution function of the particles can be defined

— The particles will have close range interactions
» Collisions
* Friction
e Chemical reactions

— Particle morphology may be changed by breakup and
erosion

— The chemical composition of the surface may change



Carrier medium

e Assumptions must be made about the medium
— Rarefied gas?
— Satisfies the continuum gas assumption?
— Liquid?
— Supercritical fluid?
* The mathematical framework depends upon the medium

e Current mathematical framework 1s for an atmospheric-
pressure gas satisfying the continuum assumption
— Neglect pressure work
— Neglect viscous dissipation



Generic equation describing the

evolution of a flow

0

2+ Ve(pyu)=V-Q + _S

~— S \'s N ~—
transient convective diffusive sources

« ¥ is a scalar (e.g. mass fraction, energy) =9 () is a vector

* ¥ is a vector (e.g. velocity) == Q 1s a tensor



Gas-phase governing equations, 1 of 3

Define a field quantity Y(X,t).
The general ensemble average of W(X,t) 1s

< P(x,1) >= [ ¥(x,t)PIT)dII

where P(II) 1s the probability that a specific realization II 1s encountered
Denote (Drew 1983)

- pg as the density

- A @s the phase indicator (1 for gas, 0 elsewhere)

- o, = <y, > as the ensemble average of the phase indicator
function

One may define .
Y =< yq¥P(X,t) > /ag

s d

Multiply NS+energy+species+EOS by a, and ensemble average ==



Gas-phase governing equations, 2 of 3

o(@P)g — _
—+ V- (osz)g =I'q

o),
ot

ﬁ(agth)g L1V, (aﬁUﬁ)g = -V. Olg[_q + qRe]g + Fg + thé

0P ),
ot

f, Gravitational acceleration

R¢: Reaction rate
My, Fg,and Hge  Diffusive interfacial transfer Hge =<jg: - Vxg >

[y, Tgul, TgYye, and Tghi  Convective interfacial transfer
I'g =< pg(Ug = Ug) - Vyg >

Re ;iR R .«
2g°, 1g¢- 95°  Turbulent flux of conserved quantities
agZg® = = < xgpglgly >




Gas phase governing equations, 3 of 3

Molecular fluxes

Ty = 21gSg Sg = (VUg + VUg)/2 — (V - Ug)/3

—

Jg = —ﬁgD§V75

To solve the equations, we need:
- values of the molecular transport coefficients
- models for the turbulent fluxes



Particle-phase governing equations,

1 of 4

* Methodology similar to dense gases using kinetic theory concepts

- no assumption of equipartition of granular energy according to
particle mass ratio because the collisions may be inelastic

- must derive separate equations for each class i

- no assumption that Au (relative velocity between particle
classes) < O, (rms velocity; related to temperature in molecular context)

* Define the single-particle distribution function for class I
fi(x,c,Ye, T,m, 1)

« Compute the number of particles of class |

ni(x,t) = [ fidcdY dTdm
 Define a particle-ensemble average for variable ¥

L?i(X,’[) = nLiJ"PifidCdYngdm



Particle-phase governing equations,

2 of 4

 Definition of mass-weighted particle-ensemble average

i denotes the local phase fraction of class i (where pores are excluded) and p; its corresponding average particle density

ai and p, where the pores of the particles are counted as volume belonging to the particle

aip; =aip;

aiﬁi = NiMm; = fmifidché:dem

Yitxt) = 7= [miwifidedYdTdm <W¥ > =V,
* Define particle-ensemble quantities
*Average velocity Ui =< ¢i >
*Fluctuating velocity component Ci =ci—u
*Granular temperature ®i=+<C2>
’SOlidity ( n=1-¢€ ) ni = M;i/Vj Z Z—i V; includes pores

*We assume that the volume of the particle is constant (no break-up or
€rosion)



Particle-phase governing equations,

3 of4

Use analogy to the Boltzmann equations: multiply an analog equation
by mY¥ and integrate over space

8aip ¥ —
#-I—V . (aipi < Cci¥i>) = Zk:A,B Ci(mi¥i) +
o< BB S g o AT
aip; < Mi acj > Faipi < dt JT; >t

— dYic o¥; — dmir 0¥ Wi
a'pi25 < dt oY, Z TP s dt [8mi T mi] >

Mean collisional rate of change of ¥
Cik(Mi¥i) = xi(Mi¥i) =V - 0i(Mi'¥i)

e f

Integral over all binary collisions Source-like  Flux term; transport by collisions

==P Difference for soils from Boltzmann equations:

-multiple particle collisions
-no Maxwellian distribution
-collisions yield elastic and plastic stresses



Particle-phase governing equations,

4 of 4

To solve the equations we need to know:

- the result of collision dynamics (assumed binary collision; but

this 1s not necessarily the case)
- are particles smooth?
- what 1s the particle shape?

- the result of particle dynamics: rate of change for each particle
of various particle properties (mass, composition, temperature, velocity)
as the particle moves on its trajectory

- values for the transport properties of the particle phase



Particle-collision dynamics

Particles of masses m, and m,, and radi1 ¢, and o,

Defineg=c, —c,
(9" - k) = —ei(g - k)

1

restitution coefficient

Momentum
¢y — ¢ = -My(I +ep)(g - Kk Mi = mi/my My = Mi+ my
Energy Sun & Chen (1988)
5.36(m/G)*(ag)”!"(T|-T>) . .
AE = =) = elastic deformation of
CoA)7 2 +(pCp) -
(PCp2), P2 spheres during contact and
heat conduction
g is the magnitude of ¢
_ %1% = MM .5 4/3 G: Young modulus
O = Ti70,>  omi+mz2? L2 142 : :
1 2 v: Poisson ratio




Particle dynamics: Lagrangian frame

Particle mass

Species mass fractions

dmig dmiYig
& - a - MiRig

Single particle momentum
miﬁ =F = mifg —ViV?g + (‘Ug —Cj)

dt RS
Relaxation time of particle ~ Velocity of undisturbed flow at particle location
(correlation: single particle

drag + multiparticle correction)
Energy (pressure inside and outside particle are equal)

(me)l dT' = Qcai + Qrii + Z dmlé (hy = h¢)
/ /

Conductive heat transfer (Nusselt) radiative reaction




Particle moment equations, 1 of 2

Y = 1: mass eq.
o(aip;i)
ot

+V. (aiﬁiui) = I

I'i = aipj < mL.% >=ai/7i2€ < Ri¢ >

* ¥ = ¢: momentum eq.

a(aigiui) + V. (aip;uili) = aip; < mil. > +aip; < %rﬁ—'l >—V « 2 + ¢i
b
effective stress tensor  collisional source
P = aiﬁi < CiCi > +Zk=A,B Qik(miCi) oi = Zk:A,B Xik(MmiCj)

* ¥ =Y. species mass fractions eqs.

oaip;Yic)

P +V. (amiui\?ig) =-V. (Oliﬁi < CiYgg >) + i

I'ie = aip; < Ric >

(no collisional terms as the mass fractions are assumed invariant in a collision)



Particle moment equations, 2 of 2

¥ = (1/2)C?: granular temperature eq.

%[@JFV - (aip;ui®j)] = VUi =V .eq, tyitaip; < OIm'ﬁ>+a.p < —Cj >
granular temperature average heat flux source term
@i =13 <C, > 0 =aPp; <126C>+Y, 4 0ik(12miC}) vi = 2 2ik(GMiCY)
velocity fluctuations collisions energy redistribution
among classes and
dissipation due to
V' =h: energy €q. inelastic collisions

|h ca.l rl
8((1; ) 4 v. (aip;uihi) = aip, < QdQ > +aip, <L%ﬁ>+a.pl<%r‘n—f>

-V -aiﬁi < Cihé >

‘turbulent’ flux
(collisions: negligible)



Closure of particle-phase equations

Correlations which must be closed:
- collisional contributions to both transport and source terms
- exchange terms between gas and solids
- iIn-phase transport terms and transport properties

Assume that the hydrodynamic problem can be uncoupled from
chemistry

fi(X,Ci, Yei,mi, Ti,t) = fi(X,ci,t)d(m; — m;)o(Ti — Ti)Zg S(Yei—Yei)

T

velocity distribution function



Collisional and kinetic contributions

Assumptions
- Maxwellian distribution
- drift between particles is small, i.e.

AU = Ui— Uy < (@ +0,)!2
- neglect products of spatial gradients

- neglect products of spatial gradients and (1 —e;)
- neglect products of spatial gradients and Auix

Invoke the radial distribution function (describes how the particle
density varies as a function of the distance from one particle)

. : 2 &
h_ _ 1 6 Oi0k S + Oi0k
¢ =2m/3) niot

e



Constitutive particle-phase equations

Collisional momentum source
¢; = 24 Fix {%ﬂ((@i +©y) 2 (U — Ui) + 2o (@i + O )VIng-

solid/solid drag diffusion
Stresses due to collisions

i = nimiOil + Y, {pud — 1281 + 2V - ui] - w28, + 2V - uJ }

shear rate due to collisions (not streaming): Gaussian conseq.
Heat flux due to collisions

g = > {K[VO; + VO, }
~ 1 g
conductivity due to collisions

Granular temperature source term due to collisions

Vi = 2 220 F(®i + ©y) 2 {2(Mi®; — My®y) + My (1 — ey)(®i + ©)

Fik = ninkmiMk(l + eik)hikaizk



Granular pressure and transport

coefficients

collisions
with class k Pik = ;_ﬂninkmiMk(l + eihiko 3 (@i + ©y)

pertinent %

velocity i = 11—5 2zningmiMZ (1 + ej)hyos (O + ©4)32/0;
gradient f
class 1

,u=<k = % ZnninkmkMiz(l + eik)hikG?k(@)i + ®k)3/2/®k

K‘Ek = ;— 27rninkmiMk(1 + eik)hikO'?k(@i + @k)l/z(Mk@)k/@i)

ki* = L2zninmiM (1 + ej)hioj (@i + 0,) 2 (Mi@i/0,)



Gas-particles exchange terms:

examples, 1 of 2

« Mass and species
Fg =-2,T
Fi=ai?, X .Rig = aip; X Rie({(V),T0)

neglects correlations between

Tand Y.’s
* Momentum
i dmi ci
Mass transfer Igug = Zi < d—r:rﬁ—l >= ZiFiUi.
Force interaction aip; < m >= aipilf, < VP, > - < 75(ci = TWy) >].

Y N
—aip; < m—in‘ﬁ’g >% —0iVP

1
Ti,12

aip
Ti12

—aiﬁi < (Cj —(U)g) > — (Ui —< (ﬁ)g >i )



Gas-particles exchange terms:

examples, 2 of 2

e Granular energy

mass transfer related correlation (negligible ® fluctuations assumed)

2
— dm; 1/2C; 31 ..
a.pi < Fm_l >= 71".@.

interaction with the gas phase (p, fluctuations neglected; @, =< @y > +uj

aip; < 7 - Cj >= WP (< Ci-ug > —<Cj-Cj>i)

Ti12

(term negligible if the particle/flow interaction
time is much larger than the collisional time)



INn-phase transport fluxes

* solid-phase closure

» correlations between the velocity of the respective class and a
variable, not explicitly considered in the distribution function

« transport fluxes arise from the self-diffusive transport of the
respective property, carried by the particles

-V (aip; <CiYi>) =V (@ip;DiiVVie)

—V «(aip, < Cih; >) =V. (aiﬁiCp,iDiiVTi)



Transport of mean particle mass and

computation of solidity

e transport theorem, used for the particle mass, gives a transport
equation for m;not m;

* however, it is m; that is required by the model for calculation
of the average solidity and the collision terms

@ +V. (Olpum)i =V. aiﬁiDani — 2rimi

T, = MV S Vel



Frictional transfer

» So far, stress model based on collisional transfer

* As the volumetric fraction approaches o ,., stresses are transmitted at
points of sliding or rolling contact

* Where shear rates are very small, ®. is too small to support the solids
* Must propose an additional stress based on friction for a > a._ .

Johnson and Jackson (1987) ¥t — »f | yce«—— collisional and kinetic

231; = —pfl T 2H];Si

f  aipi (@—amin)P o
Anderson and Jackson (1992) Pi = Z wip Fr (@ —00)" (p=2, n=5)

i f .
ui = pisin(¢)/2,/1,
DAY

angle of internal friction second invariant of the strain rate tensor
(25°)

Fr = material constant =0.005; a_. ~ 0.55-0.6, .. = 0.64

> Ymin— s ““max



Results on dynamics, 1 of 4

i =

z%g E * No frictional transfer; problem at

500F- E . high o,
=300 — _— A . .
S i » Difference from data at lower o, 1s
r'"’-r v -, attributed to the Gaussian distributions
g N - r and the form of the radial distribution

function
10 I 1.0' -

dufdy [m/s}

Fic. 1. Predictions of the total shear (left) and normal
stresses (right) generated in a simple shear low of a binary
mixture as function of shear rate for various bulk solids
fractions, compared with the experimental data from Ref.
[20]. Predictions: ——, lminar}' model: ----, m(:-n()disporsv
model. Experimental data: B, o, = 0.49S8; A, ¢, =
0512: @ oy = 0528 V. = 0.542.

20. Savage, S. B., and Saved, M., . Fluid Mech. 142:391—
430 (1954).



Results on dynamics, 2 of 4

300 All results from now on include friction

250

* Bubbling bed homogeneously

.'IIIIIILIlIIIIIII:

7 fluidized with air
< e * Increase in solids p with height; null
o 1  when there are no particles
100 4  *Increase in p, with superficial gas velocity
%0 . ~. ] Discrepancies with data attributed to
; | -] - 2D simulation vs 3D experiment
Y (cm) 7 - insufficient period of averaging (9 s),

, . causing scatter
Fic. 2. Predictions of the total time-averaged solids pres-

sure along the wall compared to experimental data of Rel.
[21] at different superficial gas velocities. Predictions: V,
=04 ——; 11, = 06, ---; 1"’g = 0.8, —— Expc*rimc*nteﬁ
data: V, = 0.4, BV, = 06, A; V, = 05, @.

21. Campbell, C. S., and Wang, D. G., J. Fluid Mech.
227:495-508 (1991).



Results on dynamics, 3 of 4
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volumetrically 2/3 sand, 1/3 biomass



Results on dynamics, 3 of 4

S = (02a, — 0.4ay,)/(0.2a, + 0.4a,)

S =0, no segregation; S = £1, complete segregation

; \J\ f iz T |
] h
“Illh"":-rn \ E . o -Wgﬁa:%h\\fl
N S ST
W U 29 B/’ T’Jl f
3 | | o et
> "_‘f 3 éd/j / '%ﬁ /
ARG
5 o 025 05
X {m)

F1G. 5. Instantaneous distributions of sand (left) and bio-
mass (middle) concentrations, and of the segregation pa-
rameter (right) at ¢ = 6 s.

S €[-0.2,0.2]
(S<0 inside the bubbles)

0.65

- | | T l Ll l P I Ll I el I Ll L I |,
045 2 3 4 5 6 7
t(s)

F1G. 6. Time evolution of the y coordinate of center of
mass of sand and biomass compared to that of a monod-

ispersed simulation: monodisperse, . sand. ---: bio-

nass, —=—.

Segregation increases with decreasing biomass

particle size



Results on dynamics and reaction,

1 of 3

L,=01m
J_H= =L/ 0.3
Qutflow u
——— -
025 |- sand
T :' = = = = biomass
Il
0.2 |
£ .
w
Loy
[=]

L,
H (m)

Feed, ——
H =0.162 m 0.05

R VN

Feed, —

Fluidization inflow (M,) t(s)
Fig. 1. Schematic of the fluidized bed. Average vertical coordinate of center of mass; Run 3
Table 3
Summary of operating parameters in the simulations performed
Run no. T, (K) Th (K} Feedpoint Feedstock Feed rate Iz (mfs) dy, (mm)
1 A00 400 1 Bagasse 1 (.5 .3
2 700 400 1 Bagasse 1 (.5 .3

3 750 400 1 Bagasse 1 0.5 0.5



Results on dynamics and reaction,

s 2
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Fig. 2. (a) Volume fraction distribution of solids, carrier gas velocity and solids velocity at ¢+ = 1.5 s, for Run 3, and (b)
volume fraction distribution of sand and biomass at t = 1.5 s, for Run 3. The conditions for Run 3 are listed in Table 3.
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What 1s available:
- granular flow theory; no equipartition of granular energy
assumed
- incorporates assumptions which must be modified for soils:
- Maxwellian (i.e. Gaussian) distribution of particles
- stresses result from either collisions or friction, or both
- binary particle collisions
- transfer of mass, momentum, energy and granular
temperature during collisions or friction allows computation of the
granular pressure, granular viscosity and granular thermal conductivity

What 1s needed:
- information about particle shape and morphology
- radial distribution function
- experimental data to compare to predictions
- couple a trustworthy model with uncertainty quantification
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