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How do we study a planetary interior with 
gravity and topography?

 We study the interior but looking at its response 
to various forcings such as:

• Rotation

• Tides

• Surface loads

• Subsurface loads
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Hydrostatic equilibrium
 In hydrostatic equilibrium

• Surfaces of constant density, pressure and 
potential coincide

• No shear stresses 

Presenter
Presentation Notes
When studying internal structures of planets it is important to define the mechanical reference state of a planet and subsequently interpret deviations from this reference state. Hydrostatic equilibrium is a state in which the gravity force is balanced by the sum of the pressure gradient and centrifugal force. In the state of hydrostatic equilibrium the surfaces of constant density, pressure and potential coincide and shear stresses are absent.



 In hydrostatic equilibrium
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Hydrostatic equilibrium

Presenter
Presentation Notes
In the state of hydrostatic equilibrium 



ρ = ρ(r), ω
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Hydrostatic equilibrium
 In hydrostatic equilibrium

Presenter
Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field



ρ = ρ(r), ω
easy
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Hydrostatic equilibrium
 In hydrostatic equilibrium



ρ = ρ(r), ω
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easy
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Hydrostatic equilibrium
 In hydrostatic equilibrium

Presenter
Presentation Notes
It is also possible, however not as easy because of the non-unique solution, to derive the internal structure model based on the observed shape and gravity field.



ρ = ρ(r), ω

ρ = ρ(r), ω

 Not in hydrostatic equilibrium
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Hydrostatic equilibrium
 In hydrostatic equilibrium

Presenter
Presentation Notes
Not in hydrostatic equilibrium, the same internal structure can give rise to multiple different shapes and gravity fields. And the problem of non-uniqueness becomes harder when deriving the internal structure from the observations.
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Is hydrostatic equilibrium a good assumption?

• Need to estimate the magnitude of non-hydrostatic 
effects to the magnitude of hydrostatic effects.

• To separate non-hydrostatic effects, typically need to 
assume an internal structure.

• If internal structure is not known.

• Measuring gravity-topography admittance can 
provide an additional constraint.
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Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Two-layer model

mantle density
C/MR2

• Gravity and shape 
provide two 
solutions (solution 
families) on the 
internal structure

• In hydrostatic 
equilibrium, the two 
solutions should be 
identical.
• Should give same 

moment of 
inertia
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Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Io

Anderson et al., 1996; Thomas et al., 1998 
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Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Europa

Presenter
Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Ganymede
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Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Ceres

Ermakov et al., 2017
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Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Libration

Van Hoolst et al., 2008
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Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Libration

• Optical

• Free

• Physical
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Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Libration

• Optical

• Free

• Physical

Zuber et al., 2007

Presenter
Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Libration

• Optical

• Free

• Physical

Zuber et al., 2007
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Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Physical libration: effect of liquid layers

• When the shell is 
out of alignment 
with the solid  
interior, it exerts a 
torque on the solid 
interior.

• The ocean also 
exerts a torque on 
the solid interior.

• Both core and shell 
have their own free 
libration frequencies

Van Hoolst et al., 2008

Presenter
Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Physical libration: effect of liquid layers

Van Hoolst et al., 2008

Rigid body

decoupled 
shell
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Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Physical libration of Enceladus

Libration at 11-year period

Libration at 4-year period

Presenter
Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Physical libration of Io 
(with liquid core and solid shell)

Libration at 11-year period

Libration at 4-year period

Caution: this figure is 
oversimplified. Only two layers: 
solid top and liquid bottom. Need 
to separate liquid code and liquid 
magma ocean in a more realistic 
calculation

Presenter
Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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Caveats

Libration at 11-year period

• Libration is coupled to tides. There is a torque acting 
on the tidal bulge. Libration becomes dependent on 
the Love numbers. Need to solve for tides and 
libration simultaneously.

• Typically, hydrostatic equilibrium is assumed to 
compute the shape of the internal surfaces. Non-
hydrostatic effects can affect libration.

• Hydrostatic equilibrium provides a constraint for 
modeling internal structure.

• Libration is diagnostic for decoupled shells. 

Conclusions

Presenter
Presentation Notes
Given an internal structure model, that is density as a function of radius and a rotation rate, we can use the theory of figures to derive the corresponding shape and gravity field
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